We analyze the dynamics of entanglement in a two-qubit system interacting with its environment via a quantum nondemolition system-reservoir interaction. The system and reservoir are initially assumed to be separable with the reservoir being in an initial squeezed thermal state. Since the resulting dynamics becomes mixed, in order to study the ensuing entanglement, we make use of a recently introduced measure of mixed state entanglement via a probability density function which gives a statistical and geometrical characterization of entanglement by exploring the entanglement content in the various subspaces spanning the two-qubit Hilbert space. After developing the general dynamics, which is categorized into the independent or collective decoherence regime, of N qubits interacting with their bath (reservoir) via a quantum nondemolition interaction we specialize to the two-qubit case for applications. The dynamics is found to satisfy hermiticity and spin-flip symmetry operations. We give an effective temperature dependent dynamics for the collective decoherence regime and make an application of the two-qubit dynamics to a simplified model of quantum repeaters.
II. CHARACTERIZATION OF MIXED STATE ENTANGLEMENT THROUGH A PROBABILITY DENSITY FUNCTION
Here we briefly recapitulate the characterization of mixed state entanglement (MSE) through a PDF as developed in [30] . As pointed out in the Introduction, the above criterion was evolved from the motivation that for the characterization of MSE, a single parameter is inadequate. The basic idea is to express the PDF of entanglement of a given system density matrix (in this case, a two-qubit) in terms of a weighted sum over the PDF's of projection operators spanning the full Hilbert space of the system density matrix. The PDF of a system in a state which is a projection operator ρ = 1 M Π M of rank M is defined as:
where dH ΠM is the volume measure for H ΠM , which is the subspace spanned by Π M . The volume measure is determined by the invariant Haar measure associated with the group of automorphisms of dH ΠM , modulo the stabilizer group of the reference state generating H ΠM . Thus for a one dimensional projection operator, representing a pure state, the group of automorphisms consists of only the identity element and the PDF is simply given by the Dirac delta. Indeed, if ρ = Π 1 ≡ |ψ ψ|, the PDF has the form P ρ (E) = δ(E − E ψ ) thereby resulting in the description of pure state entanglement, as expected, by a single number. The entanglement density of a system in a general mixed state ρ is given by resolving it in terms of nested projection operators with appropriate weights as
where the projections are Π M = M j=1 |ψ j ψ j |, with M = 1, 2, ..., N and the eigenvalues λ 1 ≤ λ 2 ≤ ...., i.e., the eigenvalues are arranged in a non-decreasing fashion. Thus the PDF for the entanglement of ρ is given by
where the weights of the respective projections P ΠM (E) are given by ω M = Λ M /λ 1 . For a two qubit system, the density matrix would be represented as a nested sum over four projection operators, Π 1 , Π 2 , Π 3 , Π 4 corresponding to one, two, three and four dimensional projections, respectively, with Π 1 corresponding to a pure state and Π 4 corresponding to a a uniformly mixed state, is a multiple of the identity operator. The most interesting structure is present in Π 2 , the two-dimensional projection, which is characterized by three parameters, viz. E cusp , the entanglement at which the PDF diverges, E max , the maximum entanglement allowed and P 2 (E max ), the PDF corresponding to E max . The three dimensional projection Π 3 is characterized by the parameter E ⊥ , which parametrizes a discontunity in the entanglement density function curve. By virtue of the convexity of the sum over the nested projections (2) , it can be seen that the concurrence of any state ρ is given by the inequality C ρ ≤ (λ 1 − λ 2 )C Π1 + (λ 2 − λ 3 )C Π2 . Thus while the concurrence for a three and four dimensional projection is identically zero, through the PDF one is able to make a statement about the entanglement content of these spaces. Also, as pointed out in [30] , in the case of NMR quantum computation, concurrence and negativity are zero, whereas the PDF is able to elucidate the role of entanglement utilized by the NMR operations. These features as well as the fact that the PDF (3) enables us to study entanglement of a physical state by exploiting the richness inherent in the subspaces spanned by the system Hilbert space makes the PDF an attractive statistical and geometric characterization of entanglement. We provide an explicit illustration of this in Section VI.
III. TWO-QUBIT QND INTERACTION WITH A SQUEEZED THERMAL BATH
We consider the Hamiltonian, describing the QND interaction of L qubits with the bath as [4, 33, 34 ]
Here H S , H R and H SR stand for the Hamiltonians of the system, reservoir and system-reservoir interaction, respectively. b † k , b k denote the creation and annihilation operators for the reservoir oscillator of frequency ω k , g n k stands for the coupling constant (assumed to be position dependent) for the interaction of the oscillator field with the qubit system and are taken to be
where r n is the qubit position. Since [H S , H SR ] = 0, the Hamiltonian (1) is of QND type. In the parlance of quantum information theory, the noise generated is called the phase damping noise [4, 35] . The position dependence of the coupling of the qubits to the bath (5) helps to bring out the effect of entanglement between qubits through the qubit separation: r mn ≡ r m − r n . This allows for a discussion of the dynamics in two regimes: (A). independent decoherence where k.r mn ∼ rmn λ ≥ 1 and (B). collective decoherence where k.r mn ∼ rmn λ → 0. The case (B) of collective decoherence would arise when the qubits are close enough for them to experience the same environment or when the bath has a long correlation length (set by the effective wavelength λ) compared to the interqubit separation r mn [33] . Our aim is to study the reduced dynamics of the qubit system. As in the case of a single qubit QND interaction with bath [4, 34] , the density matrix is evaluated in the system eigenbasis |i n = | ± 1 2 (the possible eigenstates of J n z with eigenvalues j n = ± 1 2 ). The system-plus-reservoir composite is closed and hence obeys a unitary evolution given, in the interaction picture, by
where
with H I (t) = e i(HS +HR)t/h H SR e −i(HS +HR)t/h , and T denotes time ordering. Also
i.e., we assume separable initial conditions. Here
is the initial state of the qubit system with ρ
is the initial density matrix of the reservoir which we take to be a squeezed thermal bath [4, 34, 35] given by
is the density matrix of the thermal bath at temperature T , with β ≡ 1/(k B T ), k B being the Boltzmann constant, and
is the squeezing operator with r k , Φ k being the squeezing parameters [36] . In order to obtain the reduced dynamics of the system , we trace over the reservoir variables. The matrix elements of the reduced density matrix in the system eigenbasis are obtained for the independent and collective decoherence models as:
Here ρ
.., j 1 and the symbol {i n , j n } stands collectively for
The superscript in is to indicate that these expressions are for the independent decoherence model and the subscript sq indicates that the bath starts in a squeezed thermal initial state. As seen from the expressions given below, Θ in {in,jn} and Λ in {in,jn} are independent of the bath initial conditions and are given in the continuum limit (assuming a quasi-continuous bath spectrum) by
In the above equations, I(ω) is the bath spectral density which for the Ohmic case considered here has the form
where γ 0 and ω c are two bath parameters. Also
and
Also in Eqs. (14) and (15), ωt s ≡ k.r mn [33] . In Eq. (13) Γ in sq (t) is given as
(m =n)
where we have defined two new time scales ωt corr1 ≡ 2k.r m and ωt corr2 ≡ k.(r n + r m ) which are due to the nonstationary effects introduced by the squeezed thermal bath. Here we have for simplicity taken the squeezed bath parameters as cosh (2r(ω)) = cosh(2r), sinh (2r(ω)) = sinh(2r),
where a is a constant depending upon the squeezed bath.
B. Collective decoherence model
The reduced density matrix is given by
The superscript col is to indicate that these expressions are for the collective decoherence model and the subscript sq indicates that the bath starts in a squeezed thermal initial state. As in the case of independent decoherence, Θ col and Λ col are independent of the bath initial conditions and are given in the continuum limit (assuming a quasi-continuous bath spectrum) by
The bath spectral density I(ω) is as in Eq. (16 
All the other terms are as defined above. On comparing Eq. (24) with (19), we find that the terms proportional to sinh(2r), arising from the non-stationarity of the squeezed bath, are same while the terms proportional to cosh(2r) differ from each other. For the collective decoherence model, ωt s ≡ k.r mn ≡ 0, but the two time-scales coming from the non-stationary components of the squeezed thermal bath, i.e., ωt corr1 ≡ 2k.r m and ωt corr2 ≡ k.(r n + r m ) are both non-zero, indicative of correlations induced between the qubits by the bath squeezing. For the case of zero bath squeezing, both the Eqs. (24) and (19) reduce to their corresponding values for the case of a thermal bath [33] .
IV. TWO QUBIT INTERACTION
Here we specialize the general considerations of the previous section to the case of two qubits.
A. Independent decoherence model
The reduced density matrix is a specialization of Eq. (13) to the case of two qubits, say a and b. Here ρ . We will collectively represent the two-particle index ab by a single 4-level index according to the following scheme:
Thus there will be sixteen elements of the density matrix, which we enumerate below. They are seen to satisfy the symmetries:
where * in the superscript indicates complex conjugation, and of course the first and last equality follow from the hermiticity of the density operator. In the Eqs. (25) , Θ in {in,jn} (t), Λ in {in,jn} (t) can be obtained from the Eqs. (14), (15) , respectively, and Γ in {in,jn}(sq) (t) from the Eq. (19) and are given by
for all the above combinations. In the above equations, ωt s stands for k · r ab while ωt (1) corr1 ≡ 2k · r b . Interestingly, for the above cases, the correlation time ωt corr2 ≡ k.(r a + r b ) is absent. It can be seen that
from which follows that the population remains unchanged. This is a consequence of QND nature of the S − R interaction. Also,
i.e., these components are purely real. In the Eqs. (32), Θ in (t), Λ in (t) and Γ in sq (t) are given by
Thus we see that the Eqs. (34), (35), depend on both 2k ·r a and 2k ·r b , and ωt corr2 which is as defined above. Further,
where * in the superscript indicates Hermitian conjugation. In the Eqs. In all the plots concerned with the independent decoherence model, kr12 is set equal to 1.1.
for all the above combinations. In the above equations, ωt s stands for k · r ab while ωt (2) corr1 ≡ 2k · r a . Interestingly, for the above cases, the correlation time ωt corr2 ≡ k.(r a + r b ) is absent. The Eqs. (25), (31), (32) and (36) cover all the density matrices for the two-qubit independent decoherence model.
Figure (1) depicts the behavior of purity, defined here as Tr(ρ 2 (t)) for ρ(t) as obtained in this subsection for the independent decoherence model, as a function of temperature T for various evolution times and bath squeezing r (20) . In all the figures in this article, we consider the initial state to be an equal superposition state, which can be obtained by applying H ⊗ H on the state |0 ≡ | −
, where H is the Hadamard transformation. It can be seen that with the increase in temperature, as also evolution time t and bath squeezing r, the system becomes more mixed and hence looses its purity.
B. Collective decoherence model
The reduced density matrix is a specialization of Eq. (21) to the case of two qubits, say a and b. The notations are as before.
where * in the superscript indicates Hermitian conjugation. In the Eqs. (42), Θ col (t), Λ col (t) (= 0) are obtained from the Eqs. (22), (23), respectively and Γ col sq (t) from Eq. (24). They are given by
and Γ col sq (t) is as in Eq. (30) for all the cases in Eq. (42), with ωt corr1 and ωt corr2 as defined there. As before,
This is indicative of QND nature of the S − R interaction which preserves the population. Also,
In the Eqs. (46), Θ col (t), Λ col (t) and Γ col sq (t) are given by
It is interesting to note from Eqs. (46), (47) and (49), that for the case of a purely thermal bath with zero bath squeezing, Γ col sq,21 (t) = Γ col sq,12 (t) = 0, thereby implying that for these cases, the corresponding density matrix elements do not decay even though they are interacting with the bath. Also, since in a QND S − R interaction, the diagonal terms ρ 1,1 and ρ 2,2 do not change, this implies that any state α|1 + β|2 in the subspace span {|1 , |2 } remains invariant, thereby leading to a decoherence-free subspace. This behavior is not retained, in general, for the case of a squeezed thermal bath. However, since a thermal bath is the asymptotic limit of a squeezed thermal bath [37, 38, 39] , decoherence-free subspaces emerge asymptotically. Further,
where * in the superscript indicates complex conjugation. In Eq. (50),
and Γ col sq (t) is as in Eq. (30), with 2k · r b → 2k · r a . The Eqs. (42), (45), (46) and (50) cover all the density matrices for the two-qubit collective decoherence model. Figure ( 2) depicts the behavior of purity, defined here as Tr(ρ 2 (t)) for ρ(t) as obtained in this subsection for the collective decoherence model, as a function of temperature T for various evolution times and bath squeezing r (20) . As before, it can be seen that with the increase in temperature, as also evolution time t and bath squeezing r, the system becomes more mixed and hence looses its purity. 
V. SYMMETRIES IN THE DYNAMICAL SYSTEM
In this section we consider the twoqubit evolution, developed in the previous section from the point of view of some fundamental symmetries. This enables us to view the dynamics from a fresh perspective and is also interesting from its own point of view.
Employing the two-particle index notation used in the previous section, we find that the transformation connecting the initial and final density operations can be given by the following operation
The non-trivial aspect of the dynamics that this relation represents is that here L represents, not a matrix, but a two-dimensional array, and the multiplication is done element-wise. The most general array L that satisfies the symmetry, following only from the hermiticity of ρ(0) and ρ(t) is:
However, further constraints on the structure of L appear because the dynamical evolution due to QND interaction respects spin-flip symmetry (see Eq. (59) below), which is for example (given for clarity, in the single-qubit notation):
This has the effect that c 3 and c 4 are real, which we denote by r 1 and r 2 respectively. Further c 2 = c * 5 and c 1 = c * 6 . These are seen by noting that:
where the first and third equalities in each equation follow from hermiticity. Accordingly, Eq. (54) can be rewritten as: Consider the operatorL corresponding to L j,k , defined by:
The spin-flip symmetry can be represented by
Since Σ = (−iσ x ) ⊗ (iσ x ), the above spin-flip symmetry may be described as a rotational symmetry, with angle π/2 (resp. 3π/2) in the first (resp. second) qubit coordinate about the x-axis.
VI. ENTANGLEMENT ANALYSIS
In this section, we will study the development of entanglement in the two qubit system, both for the independent as well as the collective decoherence model. A well known measure of MSE is the concurrence [27] defined as
where λ i are the eigenvalues of the matrix
withρ = σ y ⊗ σ y ρ * σ y ⊗ σ y and σ y is the usual Pauli matrix. C is zero for unentangled states and one for maximally entangled states.
In figure (3 (a) ), we plot the concurrence (60) with respect to time for the case of the independent decoherence model, while figure (3 (b) ) depicts the temporal behavior of concurrence for the collective decoherence model. It is clearly seen from the figures that the two qubit system is initially unentangled, but with time there is a build up of entanglement between them as a result of their interaction with the bath. Also the entanglement builds up more quickly in the collective decoherence model when compared to the independent model. This is expected as the effective interaction between the two qubits is stronger in the collective case. Now we take up the issue of entanglement from the perspective of the PDF as in Eq. (3). In figures (4 (a)) and (b), we plot the weights ω 1 , ω 2 , ω 3 and ω 4 (3) of the entanglement densities of the projection operators of the various subspaces which span the two qubit Hilbert space with respect to T for the independent and collective decoherence models, respectively. Since ω 1 is the weight for the one dimensional projection and hence a pure state and ω 4 that of the maximally mixed state with ω 2 and ω 3 being intermediary, these plots depict the variation in the contribution of the various subspaces to the entanglement of the two qubit system as T increases. As can be seen from both the figures, with increase in temperature T , the weight ω 1 , depicting the pure state component monotonically decreases, while the other weights start from zero at T = 0 and increase. Eventually, the weight ω 4 depicting a maximally mixed state would be expected to dominate, though for the parameter range used in the plots, this feature is not seen. This feature of the dynamics of the reduced two-qubit system, specially in the case of the collective decoherence model, has an interesting application which will be discussed in detail in Section VII where it will be seen to obey an effective temperature dependent Hamiltonian, bringing out the persistence of entanglement even at finite temperatures. In the case of the collective decoherence model, the weights ω 2 and ω 3 have a greater growth than that for the independent decoherence model, depicting the greater entanglement development in the collective model as is also borne out by the concurrence plots in figure (3). As explained in Section II, the characterization of MSE for a two qubit system via the PDF involves the distribution functions of four projection operators, Π 1 , Π 2 , Π 3 , Π 4 corresponding to one, two, three and four dimensional projections, respectively. These will be represented here as P 1 (E), P 2 (E), P 3 (E) and P 4 (E), respectively. Also, as discussed above, P 4 (E) would be universal for the two qubit density matrices and would involve the Haar measure on SU (4) [40] . This is depicted in figure (5) and is common to all the two qubit PDF of entanglement. Now we consider the P 2 (E) and P 3 (E) density functions for some representative states of the two qubit system, both for the independent as well as collective decoherence models. This enables us to compare the entanglement in the respective subspaces of the system Hilbert space. We also plot the full entanglement density function curve P(E) with respect to the entanglement E, at a particular time t. This will enable us to look at the contribution to the entanglement from the different projections. Figures (6 (a) ) and (b) depict the behavior of the density function P 2 (E) for the bath evolution time t = 2.0 and T = 5.0 for the independent and collective decoherence models, respectively. For these conditions, the value of concurrence (60) is 0.18 for the case of the independent decoherence model and 0.27 for the collective model, depicting the greater entanglement content in the later compared to the former. This is also borne out by these figures. As shown in [30] , the concurrence for a two dimensional projection is C Π2 = (E max − E cusp )/2. Thus while the figure (6 (a) ) has E max = E cusp , resulting in C Π2 = 0, it is finite for the case of figure (6 (b) ) , thereby reflecting the greater entanglement content in the collective model. Figures (7 (a) ) and (b) depict the behavior of the density function P 3 (E) for the bath evolution time t = 2.0 and T = 5.0 for the independent and collective decoherence models, respectively. In figure (7 (a) ), the parameter E ⊥ is ≈ 0.19 while it is one for the collective model as depicted in figure  (7 (b) ). Since E ⊥ is evaluated from the state perpendicular to the third non-separable basis in the canonical basis of a three dimensional projection [30] , this clearly brings out the greater entanglement content in the collective model as compared to the independent case. In figures (8 (a) ) and (b), we depict the full density function P(E) for the independent and collective decoherence models, respectively and with the same parameters as above. This is obtained by a weighted sum over all the contributions of the projection operators from the different subspaces (3). Here and in all the subsequent figures for the full PDF, the contribution from the one dimensional projection Π 1 , which is a delta function, is represented by a line of height equal to its weight (3) and the point on the absicca is determined by its corresponding entanglement. The figures clearly indicate, that for the given bath parameters and evolution time, the system is still possesed with considerable entanglement, which is clearly greater in the collective case because of the contribution to the full PDF coming almost exclusively from the entanglement in the one dimensional projection. Figures (9 (a) ) and (b) exhibit the behavior of the density function P 2 (E) for the bath evolution time t = 10.0 and T = 5.0 for the independent and collective decoherence models, respectively. This thus depicts a situation where the two qubit system has been exposed to the bath for a longer time. For these conditions, concurrence (60) is 0.17 for the case of the independent decoherence model and 0.35 for the collective model, showing greater entanglement content in the later compared to the former and also indicating a builtup of entanglement with time. As in the corresponding case before, figure (9 (a) ) has E max = E cusp , resulting in C Π2 = 0, while it is finite for the case of figure  (9 (b) ) , thereby reflecting greater entanglement content in the collective model. Figures (10 (a) ) and (b) depict the behavior of the density function P 3 (E) for the bath evolution time t = 10.0 and T = 5.0 for the independent and collective decoherence models, respectively. In figure (10 (a) ), the parameter E ⊥ is ≈ 0.79 while it is one for the collective model as in figure (10 (b) ) bringing out greater entanglement content in the collective model in comparison with the independent case. In figures (11 (a)) and (b), the full density function P(E) is given for the independent and collective decoherence models, respectively and with the same parameters as above. The point on the absicca, for the one dimensional projection, can be clearly seen to have shifted to the right as compared to the corresponding case in the figures (8 (a)) and (b), thereby indicating a builtup of entanglement with time. Also when compared to figures (8 (a)) and (b), the full PDF as in figures (11 (a) ) and (b) exhibit a richer structure which is a consequence of the additional contribution to the full PDF from the two and three dimensional projections. The fourth dimensional projection has an insignificant contribution for the given parameters. Figures (12 (a) ) and (b) give the full density function P(E) for the independent and collective decoherence models, respectively with a bath evolution time t = 10.0 and T = 50.0. For these conditions, the value of concurrence (60) is 0, which would indicate a complete breakdown of entanglement. This would be expected as with the increase in the bath temperature T , the effect of entanglement would be destroyed quickly. This is partially borne out by the fact that for this case C Π2 = 0. However, as seen from figure (12 (b) ), the PDF for the full density function still exhibits a rich entanglement structure, coming principally from the contributions from the one and three dimensional projections. In contrast , figure (12 (a) ), for the independent decoherence model, exhibits the Harr measure on SU (4) and thus represents a maximally mixed state.
Figure (13) represents the full density function P(E) for the independent decoherence model with an evolution time t = 10.0, T = 20.0 and bath squeezing parameter r equal to 0.2. This would be analogous to that discussed in [30] for NMR quantum computation where concurrence would be zero, and the excess of entangled states over the unpolarized background (exhibited by the uniform distribution coming from the density function Π 4 , related to the four dimensional projection) is exploited as a resource allowing for non-trivial gate operations, thus depicting pseudopure states over the four dimensional background, with the excess being the "deviation density matrix".
VII. EFFECTIVE TEMPERATURE DEPENDENT DYNAMICS IN THE COLLECTIVE DECOHERENCE MODEL: A BRIEF DISCUSSION
In a QND S − R interaction, the reduced density matrix of the system does not approach a unique distribution asymptotically [4] . As seen from figure (12 (b) ), the PDF for the full density function (for the collective decoherence model) exhibits a rich entanglement structure, coming principally from the contributions from the one and three dimensional projections which carry equal weights. This feature is seen to persist for higher temperatures and evolution times, for the collective decoherence model, with the weights of the subspaces spanned by the four projection operators of the PDF remaining intact. From this emerges the fact that for the collective decoherence model, studied here, as the effect of the bath on the system increases, the PDF instead of becoming uniform, as expected, gets distributed between the subspaces spanned by the one and three dimensional projection operators suggesting a tendency of the system to resist randomization. Such a state of affairs would be encountered if the effect of the bath is not a counterpart of the collision term (in a Boltzmann equation), but is more like a Vlasov term, causing long range mean field contributions [41] . From the numerical results, it is seen that the effect of the bath can be mapped to a T dependent effective hamiltonian whose energy eigenvalues scale with temperature. The eigenstates are given by the standard Bell states with the ground state being |B 1 = highest energy state, and is practically decoupled (with no population). The next excited state is degenerate, with two Bell states (
(|00 + |11 )) spanning the two dimensional subspace. The effective temperature dependent hamiltonian is given by
where |B 1 , |B 2 B 2 | + |B 3 B 3 | = |00 00| + |11 11| and |B 4 are the Bell states, as defined above, with eigenvalues λ 1 = 0.5, λ 2 = λ 3 = 0.25 and λ 4 ≈ 0, respectively. Since the Bell states are completely entangled, the effective hamiltonian has no linear terms in the qubit polarizations and has the form
in writing which the singlet term has been dropped, as it is energetically very far separated from the other three levels. The above analysis places in perspective the surprising result that although the system is evolving, through the effective Hamiltonian, the entanglement density function remains practically restricted to the 3-dimensional subspace, with a large contribution from a Bell state, as a signal to the 3-dimensional background. The restriction of the effective dynamics from four to three levels is also seen in the case of two qubit evolution via a dissipative S − R interaction with a thermal bath initially at T = 0 [42] , for the collective decoherence model. However, there the reason for it is simply given by the fact that for the above conditions, the coupling term connecting one of the levels to the others goes to zero, thereby reducing the dynamics to that between three levels. An interesting analog of the discussion in this Section comes in the work presented in [43] . There it was shown by the authors that for the scenario where there exists a system consisting of three subsystems with the first and the third interacting with each other via their interactions with the mediating second subsystem, a signature of entanglement between the first and the third subsystems is the degeneracy in the ground state of the system. Here we have a similar situation with the two qubits interacting with a bath which in turn mediates the inter-qubit interaction. From our effective Hamiltonian H ef f , we see that the first excited state (not the ground state), spanned by the Bell states |B 2 and |B 3 , is degenerate and the system exhibits a strong entanglement even at finite temperatures. Another work by the same authors [44] , studied the persistence of mixed state entanglement at finite T . This would be important as quantum effects can be expected to dominate in regions where entanglement is nonzero. They considered the transverse Ising model and studied the two-site entanglement, using concurrence as the entanglement measure, and found appreciable entanglement in the system at finite T above the ground state energy gap, one of their motivations being the influence of nearby critical points to the finite T entanglement. The persistence of entanglement in a twoqubit system interacting with the bath via a purely dephasing interaction (QND) would suggest a broad applicability of these concepts, thereby highlighting the interconnection of ideas of quantum information to quantum statistical mechanics.
VIII. AN APPLICATION TO QUANTUM COMMUNICATION: QUANTUM REPEATERS
We now make an application of the two-qubit reduced dynamics obtained from QND system-reservoir interaction to a quantum repeater [31] , used for quantum communication over long distances. The efficiency of quantum communication over long distances is reduced due to the effect of noise, which can be considered as a natural open system effect. For distances much longer than the coherence length of a noisy quantum channel, the fidelity of transmission is usually so low that standard purification methods are not applicable. In a quantum repeater set-up, the channel is divided into shorter segments that are purified separately and then connected by the method of entanglement swapping, which is the quantum teleportation [45] of entanglement. This method can be much more efficient than schemes based on quantum error correction, as it makes explicit use of two-way classical communication. The quantum repeater system allows entanglement purification over arbitrary long channels and tolerates errors on the percent level. It requires a polynomial overhead in time, and an overhead in local resources that grows only logarithmically with the length of the channel.
Here we consider the effect of noise, introduced by imperfect local operations that constitute the protocols of entanglement swapping and purification [32] , on such a compound channel, and how it can be kept below a certain threshold. The noise process studied is the one obtained from the two-qubit reduced dynamics via a QND interaction, instead of the depolarizing noise considered in [31] . A detailed study of the effect of the two-qubit noise on the performance of a quantum repeater is underway and will be reported elsewhere. Here we treat this problem in a simplified fashion, and study the applicability and efficiency of entanglement purification protocols in the situation of imperfect local operations.
A quantum repeater involves the two tasks of entanglement swapping, involving Bell-state measurements, and entanglement purification, involving CNOT gates. The Bell-state measurement may be equivalently replaced by a CNOT followed by a projective single-qubit measurement. In entanglement swapping, two distant parties initially not sharing entanglement with each other, but sharing entanglement separately with a third party, become entangled by virtue of a multi-partite measurement by the third party on the latter's two halves of entanglement. Entanglement purification involves two parties employing local operations and classical communication (LOCC) to improve the fidelity F of Einstein-Podolsky-Rosen (EPR) pairs they share, with respect to a maximally entangled state. The local operations involve two-qubit gates such as the CNOT operation, followed by single qubit measurement, and a possible discarding of an EPR pair. Provided F > 0.5, and at the cost of losing shared (impure) entanglement, the two parties can increase the fidelity of the remaining shared entanglement to
where F and F ′ are, respectively, the input and output fidelities of the entanglement purification protocol proposed by Bennett et al. [32] .
In the simplified scenario we consider, the output of the noisy CNOT is taken to be a mixed separable state, in place of a pure separable state that is obtained in the noiseless case. As a further simplification, in order to facilitate an easy connection with the purification protocol due to Bennett et al., this mixed state is assumed to be of the form:
where we use the notation |± = (1/ √ 2)(| We depict in figures (14(a)) and (b) the modified 'purification loop', obtained by subjecting the noiseless loop to the above model of noise. In all cases in both figures, as expected, we find that noise degrades the performance of the purification protocol. To evaluate the performance, it may be compared with the noiseless case, given by the dot-dashed curve in both figures. That this curve lies above the F = F ′ line in the closed range [0.5, 1] implies that fidelities above the minimum value F min = 0.5 can be corrected to the maximum value F max = 1 by repeated application of purification. The degrading effect of noise can be seen in two ways: it introduces an off-set, whereby an input of F = 1 does not yield the same output and restricts F max to values less than 1.
In both figures, comparison of the small and large dashed curves shows that increasing bath exposure time degrades the fidelity by suppressing F max (the point where a curve cuts the F = F ′ line from above) and increasing the off-set at F = 1. A comparison of large-dashed and dotted curves brings out a similar degrading effect of increasing bath squeezing. A similar effect can be shown for temperature. The surprise that emerges in comparing the collective and independent decoherence models is that, contrary to expectation, the latter produces a less damaging effect on purification than the former.
IX. CONCLUSIONS
In this article, we have analyzed in detail the dynamics of entanglement in a two-qubit system interacting with its environment via a QND S − R interaction. The system and reservoir are initially assumed to be separable with the reservoir being in an initial squeezed thermal state. Since the resulting dynamics becomes mixed, in order to analyze the ensuing entanglement, we have made use of a recently introduced measure of mixed state entanglement via a PDF. This enables us to give a statistical and geometrical characterization of entanglement.
After developing the general dynamics of N qubits interacting with their bath (reservoir) via a QND S − R interaction, we specialized to the two-qubit case for applications. Due to the position dependent coupling of the qubits with the bath, the dynamics could be naturally divided into an independent and collective decoherence regime, where in the collective decoherence regime, the qubits are close enough to feel the bath collectively. We analyzed the open system dynamics of the two qubits, both for the independent as well as the collective regimes and saw that in the collective regime, there emerges the possibility of a decoherence-free subspace for the case of zero bath squeezing. Interestingly, the dynamics was found to obey two symmetry operations: hermiticity and spin-flip symmetries. The existence of the nontrivial spin-flip symmetry would explain the emergence of a decoherence-free subspace (DFS) [46] , thereby providing a concrete instance of a DFS.
We then made an analysis of the two-qubit entanglement for different bath parameters. We analyzed both concurrence as well as the PDF by finding the entanglement content of the various subspaces that span the two-qubit Hilbert space. Although the PDF agrees in its predictions with concurrence, it is able to extract more information out of the system as a result of its statistical-geometrical nature. Thus we were able to consider an example analogous to NMR quantum computation, wherein the concurrence would be zero, and the excess of entangled states over the unpolarized background is exploited as a resource allowing for non-trivial quantum information processing. For the collective decoherence model the PDF for the full density function exhibits a rich entanglement structure, coming principally from the contributions from the one and three dimensional projections which carry equal weights thereby suggesting a tendency of the system to resist randomization. This feature is seen to persist even for higher temperatures and evolution times with the weights of the subspaces spanned by the four projection operators of the PDF remaining intact, thereby enabling us to give an effective T dependent dynamics in the collective decoherence regime. A comparison of this with some related works suggests the applicability of quantum information theoretic ideas to quantum statistical mechanical systems. Finally we made an application to a simplified model of a quantum repeater, which can be adapted for quantum communication over long distances.
